CHUYEN PE TiCH PHAN VA UNG DUNG THPT NGUYEN THAI BINH

CHUYEN DE TICH PHAN
, ThS. Lé Khiic Son
Bang cong thirc tich phan bat dinh:

n+l

dex:C Idx:x+C J.x”dx:X +C nz-1 Ildx:ln|x|+c
n+1 X

Iexdx:eX+C Iaxdx= a C Isinxdx=—cosx+C Icosxdx=sinx+C
Ina

I ! dx=tanx+C I_lz dx =—cotx+C Imdx:ln|u(x)|+c

cos” X sin“ x u(x)

I 21 dx :—Inx Adic I\/xz+adx:5\/x2+a+gln‘x+\/x2+a‘+C

x?—a’ 2a |[X+a 2 2

Phuong phap bién sé phu :

Cho ham so f(x) lién tuc trén doan [a;b] c6 nguyén ham la F(x).

Gia sir u(x) 1a ham s6 c6 dao ham va lién tuc trén doan [a, 8] va c6 mién gia tri 13 [ab]
thitaco :

[ FluOolur(dx= FEofueo]+C

BALTAP

Tinh céc tich phan sau:

Ea)l _I Xdx b)1, Iedx C)Iszj-\/1+lnxdx
i 5 2+1 , el =1 1 X
Bai lam :
o 2+ A x=0—->t=1
a)bat t=x*+1 = dt=2xdx" = xax = 9t boi can :
2 X=1->t=2
2 2 2
Vay : Il:J' >:dx alpdt Ay, nt| = Lino
Ix*+1,29t 2 |2
. 2. A x=1->t=e-1
b) Pat t=e*-1 = sdt=e"dx Doi can : )
X=2->t=e"-1
1 xd ez— e’-1
Vay: |1, _[ X _[ =Int| =In(e+1)
O e-1 e-1
2 A x=1->t=1
c)bat t =1+Inx = tdtzldx Doican :
X X=e—>t=2
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Tich phéan lwong giic :

B
Dang1: | =Isin MX.cos nxdx
Céch 1am: bién ddi tich sang tong .
B
Dang?2: | = J‘sinm X.cos" x.dx

Cach lam :
Néu m,n chan . Dat t =tanx
Néu m chin n 1& . Dit t =sinx (trudng hop con lai thinguoc lai)

A dx
Dang 3 : | =j -
Ja.sinx+Db.cosx+c
Céach lam :
. 2t
N S|nx=1 e
Dét:t:tanE = * ,
COSX =
1+t
ﬂ .
a.sin x +h.cos x
Dang4:I:I : .dx
° ¢.sin X +d.cos x
Cach lam :
-, a.sinx+bh.cos x B(c.cos x —d’sin x
bat: — =A+ ( _CS )
c.sin X +d.cos x C.sinxx + d.cos X
Sau d6 dung dong nhat thue .
ﬁ .
a.sin x+h.cosx +m
Dang 5: | :I - ax
® c.sinx+d.cosx+n
Céach lam :
., asinx+b.cosx+m . —d.si
Pit : ! A+ B((.:cosx dsmx)+ . C
C.sin X+ d.cosx +n c.sinx+d.cosx+n c.sinx+d.cosx+n

Sau d6 dung dong nhat thirc.

BAI TAP

Va
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3 2 2
Vay: 1o _pdt_ 1F_ 7
o (sinx+1)"  Jt 3, 24
i Xx=0—->t=0
b) Pat: t=sinx = dt=cosxdx Do6i can : -
X=——-t=1
2
% 1 . , 1 t5 2 s L 8
Vay: 1,=|cos’xdx = 1t “dt = [(14tt—2t2)dt = [| = Zat | o2
I e e e -
) X=0->1t=0
c)bat: t=tanx = dt=(tan’ x+1)dx Poi can : T
X=—-—o>t=1
4
4 tdt 1( 1 t 13 7«
Vay : | t* —t*+ = —— ==
SR ! +1 { t?+1 ! 15 4

 Tinh céc tich phan sau :

2 Sin X.cos X
a)l, = dx
' !x/az.sinzx+b2.coszx
Bai lam :
7 x=0—>t=a?
a) PBat : t=a’sin® x+b*.cos*x = dt =2(-b*+a’)sinx.cosxdx POoi can : .
X==>t=Db’
Néu la| =|b|
~ 2 sinx.cosx 1 "t Clal-p] 2
Vay: |, = dx = —=
' !x/az.sinx+b2.cosx Z(bz—az)jt az b*-a’ [al+
Néu la| =1b|
Ao : . :
Vay : |1=I Sin‘X.cos x dijsmxcosxdx Istxdx_——cost _ 1
5\ a2.sin? x + b2.cos? x 5 a| K 4lal 0 2a|
=0->1t=0
b) Dat: t=sinx = dt=cosxdx Daoi cén : . J3
X=——>t=—
3 2
il RE] NE]
A + cosXx todt 1 % dt
Viy: I, = | ——dX= | —— ="
A £\/2+c052x ! 3_2t? 2! E
2
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T
t=0-u=—
o . 3 3 . e A . 2
bat:t=,/-cosu = dt=—/=sinudu Poi can :
2 2 V3 /4
t=——>u=—
2 4
B = 3. z 5
L : a1z B inuc 14 1
Vay: 1, == [ L[ 2 ~ L=t =
V2o [, 2: [3 o N2 N2 a2
2t == (1-cos’u) z .
2 2 4
Tinh céc tich phan sau :
_j- 1 b _j-sinx+7cosx+6
. o 4sin X +3cos X +5 o 4sinx+3cosX +5
Bai lam :
X X 24t x=0->1=0
a)bit: t=tan=- = dt=(tan2—+1de = dx== boi can : T
2 2 t<+1 X:E—>t:1
2 1
1 2 1
Vay: b= 2t 1+t1 2 dt=] . 2:_t12| =%
0g 2 g7l g o(tal)tH2
1+t 1+t
SinX+7cosx+6 4.cos x - 3sin X C

b)bat : — =A+ _ +—
4S|px+3cgsx+5 4AsinXx#3cosX+5 4sinx+3cosx+5
Dung d()ng nhat thuc ta duge: A£1, B=1, C=1

3 2 Cmed
J-:lnx+7cosx+6 dx:j(l+ 4.¢os X — 3sin x . 1 jdx
0 0

Vay : sin X +3cos X+ 5 4sinx+3cosx+5 4sinx+3cosx+5
:(x+ln|4smx+3cosx+5|}05 :%+In§+%

‘Ban doc tu lam :

T T

E 2 3 2
a cos® x .
' a) I1=_|. ——dx b)Izzjcossx.S|nxdx
sin’ .

3 iy
dx d)I :J' SinX—cosx+1
0

5|nx+Zcosx+3 sinXx+2cosx+3

5 COSX+1

%C)I3=i48ingxdx d)l,= |

Tinh nguyén ham,tich phan cac ham hiru ty
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dx 1 1

Dang 1: 1= = . C vdi (a,n)eCx(N-1{01}) taco:
Dang 1 1= [ -t ve vei fan)ecx(n-{0a)
Néu n=1, acRtacod: I = xd—a In|x|+C
b,ceR
Dang 2: |I= x+p dx trong do : a.f.a.b,
J.(ax2+bx-|-(:)n & {A=b2—4ac<0

* Giai doan 1 : «a #0,lam xuat hién & tir thirc dao ham cia tam thirc ax® +bx+c,
sai khac mot so :

2ap
|:ﬁj'2ax+b+ . nbdxzij- 2ax+b ndx_'_i(Za,B_ij‘ dx :
2a”  (ax? +bx+c) 28 (ax? + bx + ) 2a\ g (ax? +bx+c)
* (G1ai doan 2 :
’ dx 4a ' J-A dt
Tinh 1 = dx = .
| J‘(ax2+bx+c)n " (—Aj 2a t:2£x+b(1+t2)n

* (G1ai doan 3

Tinh 1 = J' dt co thé tinh bang hai phwong phap , truy hdi hodc dit t=tang

(t2+1)
. P.(x)
Dang 3 : | = | = dx
an(x)
Taco: Pa(X) _aX" +.....+ax+a,

Q,(x) bXx"+...+bx+h

Néu : deg(P)=>deg(Q) thi ta'tharc Hién phép chia 3 83 Amnm(X)+ g:}&; trong do

phan sb R o deg(R)<deg(Q)

Q,(x)

Néu : deg(P)< deg(Q) ta c6 cac qui tic sau :

* . mx) A A A,
Qtl: = ot a) + _a)

Vdu b : W) A, B _C D
' (x—a)(x—b)(x—c)* x-a x-b x-c (x—cf

Pu(x) _ Ax+B Ax+B.,  AX+B,
(ax? +bx+c)  (ax® +bx+c) (ax2 +bx+cf " (ax? +bx+c)

Ot 3: R(x) S A Al

(x—a)" (ax +bx+c)h (x—a) k:l(aX2+bX+C)i

*Qt 2" vo1l A<O0
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Vdu 1 P(x) __A  Bx+C
i (x—a)(ax2+bx+c) X—a (ax2+bx+c)
Vdu 2 - P.(x) __A _ Bx+C  Bx+C,
T (x-a) (@ +bx+cf  (x-a) (& +bx+c) (ax? +bx+cf

BAI TAP

Tinh céc tich phan sau :
| ¢ dx
X? +3x+2

0

a)llz_[

Bai lam :

¢ dx ¢ dx o 1 1
a)l, = _ _ 1
. J.x2+3x+2 -([(x+1)(x+2) -([(x+1 x+2J 2

0

= [Inx+1/- In|x+2|]2 = Ing

fdx 1{ 1 1 2 }
b)I,=| ————dx= + = dx
. '(|J.(x2+3x+2)2 Z!'(X"i-l)z (x+2F (x+1)fx+2)
1
:{_L—L—Z(In|x+ﬂ—In|x+2|)} £0K
X+1 x+2 0
Tinh cac tich phéan sau :
[ dx L 4x-2
Al,=|—/——-— b)1, = d
M £x4+3x2+3 e !ix2+lix+2) "
Bai lam :
a)* Ban doc dé dang chung minh duoc IO:I de . ~LactanX+C véi a>0
x*+a® a a
¢ dx p dx 1 1 1
I = = = — [
' —([x4+3x2+3 !(x2+1Xx2+3) 2£(x2+1 x2+3jdx
1
1 1 X V4
= =| arctan x———arctan— | =—(9—2/3
2
b) Dit - 4x—22 _A +B>§+C:x(A+B)+X(ZBjC)+2C+A
(x+2)x*+1) x+2 x*+1 (x+2)x* +1)
A+B=0 A=-2
Dodotacohé: {2B+C=4 & <B=2
2C+A=0 C=0
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N S P .
Viay : |2_W2+1 — j( ot +1)dx

:[—2In|x+2|+ln‘x2+]&=—2In3+|n2+|n 2—In1:Inﬂ
9

‘Ban doc tu lam :

3

a X+1

a)l, = | ———dx

e !xz(x—l)

i 2 3

i X =1

;C)Iszj 3_de

: 1

HD:

a) X+1 AI32+C b)21 =A+B
x*(x-1) x x* x-1 X2 +2x=31 X-1 x+3

C)x3—1_£l+ x—4 q X A B C D

4 —x 47 x(2x+1)(2x-1) X' =322 )XTL x+1 x++42 x—+/2
Dfmg thirc tich phan :

Mudn ching minh dang thirc trong tich phn ta thudng dung cach dbi bién sd va nhan
xét mot s6 dic diém sau .

* Can tich phan , chin 1é , tuan hean , can trén + can dudi, ....
Chung ta can phai nhd nhimng dang thiic nay va xem né nhu 1 bo dé ap dung.

BAI TAP

1

. L
' Chtng minh rang : Ix’“(l— x)" dx = Ix”(l— x)" dx
0

0

b
'~<
I |

jx”‘l X dx_—J(l t)"t"dt = I(l t)"t"dt (dpcm)

1 0
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Chutng minh rang néu f(x) 1a ham 1é va lién tuc trén doan [-a,a] thi :

a

I = [f(x)dx=0

—a

Bai lam :
0

— [ fo9ax= [ £ [ Hx)ex (1)

Xét [f(x)dx . Patt=—x = di=—dx = dx=—dt

X=—a—>t=a

Poi can ;
X=0—->1t=0

Vay: 0 f (x)dx :T f(~t)dt= —T f(t)dt

Thé vao (1) ta duge : 1 =0 (dpem) , 7
+ Tuong tu ban doc c6 thé chirng minh : Néu f(x) 1a ham chan va lién tuc trén doan

[-a,a] thi | —I X)dx = 2_[ (x i

—a

Cho a>0 va f(x) 1a ham chén , lién tGic va x4c dinh trén R.

Chimg minh rang : | afx(—i)dx = [ f (x)pi
- °

0
Xét .[de. Pitt=-x) = dt=-dx = dx=-dt
Ja'+l

Doi can : {X:_a_)t:a
T x=051=0
I _f ety :I a'f(t)
' a’ +1 ca +1 ga+l
B . . a 0 a (X) a
Thé vao (1) ta duoc : i ia +1 Ia +1d '([f(x)dx (dpcm)
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Cho ham s6 f(x) lién tuc trén [01]. Ching minh rang :

Ix. f (sin x)dx = EJ. f (sin x)dx
0 2 0

Bai lam :
Xét Ix.f(sinx)dx.f)ét t=r—x = dt=—dx = dx=—dt
0
Ddi can : {X:O_)t:ﬁ
X=m—>t=0

Vay : [ xf(sin x)ex - j(ﬁ ~t) f[sin(z )t = [ (z - t)1 (sintat

Va

f(sint)dt —I (sint)dt

O'—-N

= ij.f(sin X )dx =7r'[ f (sin x o

]Ex. f (sin x)dx = %I f (sin x)dx

£ T bai toan trén , ban doc c6 thé-md dng bai todn sau .
Néu ham s f(x) lién tuc trén [a,b] va f(a+b—x)= f(x). Thita ludn c6 :

a+b?

i x. f(x)dx = — f (x)dx

0

Cho ham s6 f(x) lién tuc,x4c dinh’, tuan hoan trén Rva co chu ki T .

a+T T

Chimg minh rang : I f (x)dx =I f (x)dx

0

Bai lam :
a+T T a+T 0 a+T

[ 1= [ £ (x)dx+ [px)ax=[ f (x dx+j dx+j

a

[
QD

Vay ta can chimg minh [ f(x)dx= [ f(x)x
0

Xetj dx bat t=x+T = dt=dx

X=0—->1t=T

Déicém:
XxX=a—>t=a+T
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a+T a+T

Vay: [ f{t-T)dt= [ f(t)t

T

a+T T

Hay : j f(x)dx = j f(x)dx (dpcm)

0
+ Tu bai toan trén , ta ¢6 hé qua sau :
Néu ham s6 f(x) lién tuc,xac dinh , tuan hoan trén Rva co.chu ki T, thi ta lubn

co: ]' f(x)dx = i f (x)ox

1
b)I, = J‘sin2 x.cosxln(x+\/x2 +1)dx

-1

d)|4:TLinXdX

< 1+cos’ x
1.2 -
X% +sinXx
f) IG:j—zdx
S 1+X

20097

g) |*7:Tln(sinx+\/1+sin2x)dx h). I's = I\/l—c052xdx
0 0

Tich phén tirng phan :
Cho hai ham s0 uVva vcé dao ham Jién tuc trén doan [a,b], thita cd :

iudv =[w]; - j'vdu

Trong lc tinh tinh tich phan timg phan ta ¢6 nhitng vu tién sau :
*uu tiénl: Néu ¢6 ham In hay logarit thi phai dat u =Inxhay u=log, x
*uu tién 2 <'Dat u #2? ma c6 thé ha bac.

BAI TAP

§T|’nh cac tich phan sau :

T

1 2 e
;a)ll:_[x.exdx b)IZ:Ixz.cosxdx C)I3=jlnxdx
i 0 0 1

' Bai lam : |
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Uu=Xx = du=dx
a) bat :
dv=e’dx = v=¢e*

—e—(e-1)=1

1
0

1 1
A 1
Vay: | :Ix.exdx= xe’|. —jexdx=e—eX
0 0

2

= du=2xdx
dv=cosxdx = v=sinx

T

b) Dit : {“:X

x.sin xdx 11)

Oty

1 T 2 2
Pal — - 7Z-
Vay: |, :_[x.exdx:—x.cos X|2 —2_[x.sm Xdx = = -2
0 0 4
z

2
Ta di tinh tich phan j x.sin xdx
0

U=X = du=dx
dv=sinxdx = v=-cosX

T

Dét:{

O v [y

T 2 T T
Vay : | xsinxdx =—x.cosx2 + Icos xdx = — x.c0s x| +sin|2 =1
0
X h 7° -8
Thé vao (1) ta dugc : I, = [ xe*dx = Z
0

o) Pt : u=Inhx = du:%dx

dv=dx = v=xX

e e
A e e e
Vay : |, :J.In xdx = x.In x|, —Idx=x.|n X —x, =1
1 1

Tinh céc tich phéan sau :

a)l, =Iex.sin xdx
: 0

Bai lam ;
- u=e* = du=edx
a) Dat : _
dv=sinxdx /= Vv=-C0SX

. Vs ) z T .
Vay : Ilz_[ex.smxdx=—ex.cosx‘o+jex.cosxdx=e +1+J (1)
0 0

- u=e* = du=e’dx
bat : _
dv=cosxdx = v=sinx

T a
A - T -
Vay : J =_[ex.cos xdx =e*.sin x‘o —Iex.3|n xdx = —1
0 0
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Thé vao (1) tadugc : 21, =" +1 = I1=e 2+1

u=x = du=dx
b) Dat 1

dv=—-—dx = v=tanx

cos’ X

A 4 X x4 V.4 T or \/5
Vay: I, = dx = x.tanx|4 — | tanxdx == +In(cos x4 == +In—
ek !coszx ; -l. 4 (cos x)s 4" 2

u=cos(nx) = du= —%sin(ln X )dx

dv=dx =—> v=X

c) bat : {

Vay: |, =

[}
I—"—;q

cos(In x)dx = x.cos(In x); + Isin(ln X)dx = (e~ 1)+
1
. 1
pat: =sin(lnx) = du= ;cos(ln X )dx
dv=dx = v=x
Vay: I, = jsin(ln x)dx = x.sin(In x); — jcos(ln X)dx =021,
1 1

eZr/+1

EBan doc tu lam :

In2 e

a)l, = fx.e‘xdx b)IZ:I(l—In x ) dx
0

1

! de d)l4:jln(x+m}ix

In x

e)l, = Tsin x. In(tan x )dx f)1,= j.cosz(ln X )dx

4

i
Q) 17 :Ixzcoszx
0

Tich phan ham tri tuyét déi, min , max :

b
Muon tinh 1 = [|f(x)dx ta di xét dau f(x) trén doan [a,b], khir trj tuyét doi

b
Mudn tinh | = I max[f (x), g(x)Jdx ta di xét dau f(x)—g(x) trén doan [a,b]
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b
Mubn tinh 1 = [min[f(x), g()ldx ta di xét dau f(x)-g(x) trén doan [a,b]

Tinh céc tich phan sau :

4 2

%a)ll=j|x—2|dx b)I1=”x2+2x—3‘dx

1 0

Bai lam :

x‘ 1 2 4
a)
X-Z‘ - 0 +

4 2 4 X2 2 X2 4

Vay : Il:j|x—2|dx:J.(Z—x)dx+.|‘(x+2)dx:{2x——} +{——2x}
1 1 2 2 1 2 2

={(4—2)—(2—%)}+[(8—8)—(2—4)]=g
b) Lap bang xét diu x?+2x—3 , xe[0,2)tuong ty ta duogc

I, :_Zﬂx2 +2x—3‘dx=—.l[(x2 +2x—3)dx+f(x2 +2x—3)dx
0 0 1

[

Tinh 1, :Ix|x—a|dx v6i a la‘tham sb :
0

Bai lam :
X | —00 a + o0
X-a ‘ - 0 +

(Ttr bang xét dau trén ta c6 thé danh gia ).
Néu a<0.
3 P

1 1
I, :.|.x|x—a|dx:.(|;(x2—ax)dx:{%—a)%}0 :%—%

0
Néu 0<a<1.

a

x|x —aldx = —I (%2 — axJdx + j(xz — axdx

0 a

a

O ey
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Bailam:
a) Xét higu s : (1-x*) wxe[02]

+ x|2 _4
0 ' 3
b) Xét hiéu s6 : x(x—1) vxe[0,3] twong tw nhwt trén ta co .
1 3

2 1 2 3|2
Vay: |, :Imin(l, xz)dx:szdx+_|'dx:x?
0 0 1

3

3 1 3 2
I2:_[max(xz,x)dx:_[xdx+_[x2dx:x— L
0 5 1 2], 3], 6
Ban doc tu 1am :
V4 3z

3 2 4
a)l, = Imin(x, x> -3)ix b)l, = [ max(sin x,cos x)dx €)1, = [[sin x—cos x|dx
-2 0 0

d)1, = j:max(xz,4x—3)dx d) 17 :j:(\/x+2\/x_—l +\/x—2\/x_—1)dx

Nguyén ham , tich phin cia ham s0 Vo tV :
Trong phan nay ta chi nghién ctru nhiing truong hop don gian cua tich phan Abel

Dang 1: IR(X, Vax® +bx+ c}jx ¢ day ta dang xét dang hitu ty.

a>o—>ax2+bx+c—_A 14| 22XED 2
A<0 " 4a J=A
J'R(x,\/ax2+bx+c)jx= _[S(t,\/1+t2)1t Téi day , dat t=tanu.

t725;1x+b

NaN
a<0 —-A 2ax+b)
Dang 2: 2 = 1-
ang {A<O—>ax +bx+c 4a{ (ﬂj}
IR(X,\/ax2+bx+c}jx: IS(t,\/l—tz)jtTéi day , dat t=sinu.
2ax+b
t=
JA
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Dang 3: {Zi%—mx +bx+c_4a{(zjxibj - }
I (x Vax® +bx+c)jx_ IS( \/t——)jtTO’I day, dat t=—

2ax+b m U
JA

o dx dt
Dang 4 (ame B8 80 < [ N e~ . et
ax+f

Mot s6 cach dat thuong gap

IS(X"’aZ_XZ)jX dit x=acost O<t<r
IS(X’m)jX dat x=atant —%<t<%

.[S(x,\/xz—az)jx dat x=—2 t2%ikx
2

cost

Vax? +bx+c=xt++/c. {)c>0
js(x,\/ax2+bx+c)ix dat |vax® +bx+c =t(x=x,), ) ax,+bx,+c=0
Vax? +bx+c =+Jaktt ; a>0

IS X,max+b dat t:;n/axer 7 ad-¢b=0
cx +d cX +d

Bai lam :
J’ dx _ J- dt
\/(x2 +ax+7f  ceyf(t? +3f

bit: t=v3tanu ‘5 dt—\/_(tan u+1)du

, \/_tan u+1)du
Taco | = =~ | cosudu
ftjanu3\/_\/ tan u+1)3 3I2[mu
:lsinu+C=£#+C 1 X+2
3 34t?+1 3 +ax+7

Tinh: a

)= [ O Y
VX2 +x+1 XV x?—2x-1
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CHUYEN PE TiCH PHAN VA UNG DUNG THPT NGUYEN THAI BINH
Bai Iém :

=\/x2+x+1—%+|n(x+%+\/x2+x+1)+C

b)bat : x=% = dx——E

t2

arcsin E+C

| :J‘ dx :_J‘ dt _
xVxZ=2x=1  "1,/2—(t+1) V2

1
St X+1
- X -
=—arcsin &—+C =—-arcsin——+C
V2 V2

Tim c4c nguyén ham sau

éa)qu b) 1 =

dx
J‘«/;+1+\/x+1

Bai lam :
a)bat: t=%Y1+x = t°=1+x "= 6t°dt=dx

Vay 1 =| 6 [ g% o6 [ (-t
Tex+3¥1+x g+t o 1

=2t° -3t +6t—6Inft+1+C
=241+ X —33/1+ x +6%1:4 x —6In‘6\/l+x +#+C

/ 1
b) I=J dx =I1+&_ X+1dx=lj' X 2+1 dx—lj“/x—ﬂdx
X +1+xH 2/x 2 29V x
1 1, [x+1
_1 By P
2x+\/§ 2-[ X
Xet [ X Hax Patit= T o oxo b o ae— 2t
X X t°-1 (t2_1)
2
Véy:j‘/XTJrldx:— =

5 I tedt
et
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| CHUYEN PE TICH PHAN VA UNG DUNG THPT NGUYEN THAI BINH |

Tim c4c nguyén ham sau :

a)l :J.xz.\/x2+9dx :16Ix2.\/x2+4dx
Bai lam :

2 2
abat: Vx*+9=x-t = X:tZtg = dx:tzzrzgdt

2 42 2 o) 4 a1V
L[t +9)(~* -9 ( 29) aro L8ty
2t 2t 4t 16 t

4
(-2 S L sz B2

Vay : 16 t° 16
= L= /X2 +9 —162In‘x—\/x + ‘ 6561 +C
EUS NP

2 _ 2
b)Dat : \/m:x—t = x:t2t4 = dx:tZ:ZA'dt

! —16I(t +4J.( 2t_4}(t24;24)2 dt:—f(t“;—sm)zdt

—j(ﬁ ® 256jdt=—(1—36ln|t 64J+c

=[X‘V X"+ 36In‘x—\/ﬁ‘ —4]+C
4 i +4)

Tinh céc tich phan sau :

h > T dx
a)llzjx/x—x dx b)IZ:j dx
1

“3XA/1-X

bat: 2x-1=sint = dx:%costdt
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CHUYEN PE TiCH PHAN VA UNG DUNG THPT NGUYEN THAI BINH

1

i X=——t=0
Po1 can :
x=1>t="
2
5 1% 1E 1, 1.
Vay : 1, _[os talt —J' (1+cos2t)dt = (1+—sm2tj
0 80 8 2 0

1 [-—0}—(0+o) =T
8|\ 2 16
b)bat: t=vl-x = -—2tdt=dx
Ddi can : {x=_3_>t=2
X=-8->t=3
R dx © o tdt ° ot
Vay: I, = | ——dx=2 =2
ay 2 J;X\/E !(1—t2) Il—tz

2

3
:—(Inl—lnljzlnz
1], 2

-8

‘Ban doc tu lam :

g dx
A=l e

b)I2=I\/4x—x2dx C)szﬁ

~ . Cha+ ¥ ) 1
%d)l4:j\/1+xdx d)ls—jlt\/i__x d)Ie:mdx

Bit diing thirc tich phan.:

Néu f(x)>0vxelab]= [f(x)xx=>0

D C———y T

b b
Néu f(x)=g(x)vxela,b] J= [ (x> [ g(x)dx

b

Néu m< f(x)< vxela,b]= mb—a)< [ f(xkdx<M(b-a)

Trong cac truong hop nay ta thuong dung khao sat , Bunhiacopxki, AM-GM
Va cac budc chan sinx,cosx
BAI TAP
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| CHUYEN PE TICH PHAN VA UNG DUNG THPT NGUYEN THAI BINH |

Chtrng minh cac bat dang thurc sau :

éa)j.x(l—x)dxéi C)j(ﬁ+ﬂ)dx§2

Bai lam:

a)Ap dung AM-GM ta co :
x+1-x)] 1

x1-x)<| ——H =5 vx e [0,]

2

1

Vay : I X(1—x)dx < _[ :% (dpcm)
O
) X

b) Xét ham sb : f(x vx e[1,2]
Pao ham :
1-x°
f'(x)=
) x2+l)2

X2 +1
2 2 2
Viay :gjdxsj 2X dxslj'dx
S 1 X0 +1 21
2
:gﬁj 2X dxs1
57 x34+l D 2

Ap dung BunhicopxKki ta c6 :
V14X +1-X €V + P2 V1+x+1-x =2 Vxe[0]]

Vay : j(ﬁ+m)dxs 2(1-0)

(\/m +41-x )dx <2 (dpcm)

O ey

*.sin x T

Chu:ng minh rang : I v dx<E
+

' Bai lam : |
ThS. LE KHAC SON Trang 19




CHUYEN PE TiCH PHAN VA UNG DUNG THPT NGUYEN THAI BINH

‘v’Xe[l,\/g] =-x<-1 :e’xsl

e
e *.sinx 1 e sinx ¢
3 <7 I 5 dx<j ——ydX
X“+1 e(x +1) T X +1 L elx+1

XétJ_[§ 1 ox
) e(x? +1)

Dit: x=tant = dx=(tan’t+1)dt

) x=1>t="
Poi can : 4
x:\/§—>t:Z
3
3
Do dé I (tan’t+1)dt _Fdt _«

eitan t+1i -e 12
4 4
T d6 ta dugc dpem.

Ban doc tu lam :
' Chting minh rang :

dx 7 \/_

~J543c0s’x 10 T

d") Cho 2 ham s6 lién tuc :  f :[01]~[04]; g:[0.1] >

Chimg minh ring : D x)dx} <j Yo gl

0 0

M6t s6 irng dung ciia tich phin thuong gip :

1)Tinh dién tich :
Cho hai ham s6 f(x)& f(X) lién tuc trén doan [a,b] . Dién tich hinh phang giéi han bai
cac duong la :
X=a _ |[x=b
{y = f(x) {y =g(x)
Puoc tinh nhu sau :

5 = 110 ()

2)Tinh thé tich :
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CHUYEN PE TiCH PHAN VA UNG DUNG THPT NGUYEN THAI BINH

+ Néu dién tich S(x) ctia mat cat vat thé do mit phang vudng goc véi truc toa do , 1a
ham s6 lién tuc trén doan [a,b] thi thé tich vat thé duoc tinh :

V:if(x)dx

+ Néu ham s6 f(x) lién tuc trén [a,b] va (H) 12 hinh phang gidi han béi cac duong:

X=a,Xx=Db
y="f(x)
Ox

Khi (H) quay quanh Ox ta duoc 1 vat thé tron xoay . Liac d6 thé tich duoc tinh :
b
V= ﬂj'[f (x)Fdx

Tuong tu ta ciing c6 thé tinh thé tich vat thé quay quanh.0y

3)Tinh gi6i han :

. " < E <
lim > (& Jax = [ f (x)ix trong do {X'-l_— SisX
n—eo 477 a A, =X =X,

Tu do6 ta xay dung bai todn gidi han nhu sau :

Viét day sb thanh dang : S, = anl f[lnj sau-d64ap phan hoach déu trén [0.1], chon
i=1
1

i fooom L [
=x.=—1tacol =fl—=|=|fXd
G=x -1 taco m3 e[ 1} J ¢ 60e
4)Tinh d6 dai cung dudng cong tron:
Neéu duong cong tron cho béi phuong trinh y = f(x) thi do dai duong cung né dugce tinh
nhu sau :

b
| = [y1+(y'fdx v6i ab la hoanh do cac diém dau cung .

4)Tinh téng trong khai trién nhi thirc Newton.
Tim cong thirc tong quat ,.chon so li¢u thich hop,sau d6 dung dong nhat thuc, bude cuoi
cung la tinh tich phan .

1y

&

W

i 7B

-4 -B -z 1 1 2 3 3 5

Hinhla hinh1lb
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CHUYEN PE TiCH PHAN VA UNG DUNG THPT NGUYEN THAI BINH
Yy *y

MW =@

b4

Vo6 5 4 -5 2 2 3 4 5 8 7

T R N

hinhlc hinhld

BAI TAP

Tinh dién tich hinh tron , tdm O, ban kinh R.

Bai lam : (hinh 1a)
Phuong trinh duong tron c6 dang :

X’ +y’ =R’ < y=+JR*-x*
R
Do tinh doi xtmg cta do thi nén : S = 4[ YR*~x%dx
0

bat: x=Rsint = dx=Rcostdt
X=0—->t=0 [x=05t=0
boi can :
' x:R—>t:§ x:Rat:%

O [ Y

VR? —sin?tRcostdt '2R?

S
Vay :

4 (1+ cos 2t )dt

O v [ N

"R (avat)

0

= 2R{x+%sin th

- Xét hinh chin phia dudi boi Parabol y = x? , phia trén boi duong thang di qua diém

A(1,4) va hé s6 goc 14 k . Xac dinh k dé hinh phang trén c¢6 dién tich nho nhét .

Bai lam (hinh 1b)
Phuong trinh duong thang c6 dang.
y=k(x-1)+4
Phuong trinh hoanh d¢ giao diém .
x> =k(x-1)+4 < x*-kx+k—-4=0
Phuong trinh trén luén c6 hai nghiém , gia st x, <x,
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CHUYEN PE TiCH PHAN VA UNG DUNG

THPT NGUYEN THAI BINH

Vay dién tich 1a :

S:I[k(x—l)+4—x2]dx:{—xg+gx2+(4—k)x}

X2

1 1
=(x, - xl)[—g(xz2 + XX, + xf)+ > k(x, + %, )+ (4 - k)} (*)

X, + X, =K
Voi: {x,.x, =k -4
(%, =% )P = (%2 + X% | —4x,.%, = k> —4(k - 4)
Thé vao (*) ta dugc

s =Jk? -4k +16{—%(k2 —4k+4)+%k2 +(4—k)}

=% k? =4k +16(k? — 4k +16)
=%w/(k2 — 4k +16 =%\/ (k—2f +12] > 443

Vay : minS =443 khi k=2
Tinh dién tich hinh phang gi61 han boi cac duong :

ax =y?
ay = x°
Bai lam : (hinh 1c)
Do tinh chat d61 ximg ctia @6 thi ma ta-chi can xét a>0
ax=y> [(x-y)x+y+a)=0
Xét: Jay=x* <Jay=x>
a>0 a>0
V61 x = yta duoc :
X=Yy

ayzxzc{
a>0

x=a (m
x=0 (I)

V61 x+y+a=0 ta dugc :

X+y+a=0 x> +ax+a*=0
2 2 X=a (n)
ay = X & qay =X =N
x=0 (1)
a>0 a>0
Talaico:
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CHUYEN PE TiCH PHAN VA UNG DUNG THPT NGUYEN THAI BINH

aX:yz y:i'\/&
2 X
ay =X’ <y=—
0 a
a> a>0

Vay di¢n tich can tinh 1a :

a 2 a 1 2
S= J-{\/& —X—}dx = _[{\/Exz —X—}dx
° a a

0

1,
-~a? (dvtt

Ban doc tu lam : 7
 Tinh di¢n tich hinh phang gi¢i han béi cac duong :

Xx—y'+1=0 x=.[y

a) X+y-1=0 C)+x+y—-2=0 ¢ d)
| X=2

:

=
ra

hinh a hinh b
y

o

o

¥

hinh ¢ hinh d
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CHUYEN PE TiCH PHAN VA UNG DUNG THPT NGUYEN THAI BINH

Vi mdi s6 nguyén duong n ta dit :
’ P +2°+3° +..+n°

L1 (i)
-l
Xét hamsd f(x)=x> Vve[0,1].
Ta lap phan hoach déu trén [0,1] v6i cac diém ghia

LA xs A 1
0=X, <X <X, <...X,, <X, =1va chiéu dai phan hoach I =x, - x_, ==
n

n=e i =N

Chon ¢& =x, =% ta co lim Zn:(xi _Xi—l)f(fi)=zn:£_(l)5

1
=limS, =lim S, =jx5o|x=1
) 6

1-0 n—o

' V6i mdi s6 nguyén duong n ta dit ;
? 1,1 1

S, = +
n+l n+2 n+3
Tinh lims, .

Bai lam :
11 1 1 1 1
S, = T tootg Tt
N1 Z41 531 241 ~ 41
n n n n
_yi 1
izt N l_,_]_
n

Xét ham s6 f(x)zxi1 ve[0,1].
+

Ta lap phan hoach déu trén [0,1] v6i cac diém chia :
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THPT NGUYEN THAI BINH

Chon & =x =1 taco lim> (x —x.)f(c)=> 2] -1
n sy izt N l-l—l
n
1
—lims, =lim S, = [-% Zin|x+1]" =In2
1-0 n—0 0X+ 0

ThS. LE KHAC SON

0=X, <X <X, <...X,, <X, =1va chiéu dai phan hoach I =x, —x.,

1

n
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